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MONODROMY FILTRATION AND POSITIVITY
Morihiko Saito
RIMS Kyoto University, Kyoto 606-8502 Japan
Abstract. We study Deligne’s conjecture on the monodromy weight filtration on the nearby
cycles in the mixed characteristic case, and reduce it to the nondegeneracy of certain pairings
in the semistable case. We also prove a related conjecture of Rapoport and Zink which uses
only the image of the Cech restriction morphism, if Deligne’s conjecture holds for a general
hyperplane section. In general we show that Deligne’s conjecture is true if the standard
conjectures hold.
Introduction
Let f : X → S be a projective morphism of complex manifolds with relative dimension n
where S is an open disk and f is semistable (i.e. X0 := f
−1(0) is a reduced divisor with
normal crossings whose irreducible components are smooth). J. Steenbrink [29] constructed
a limit mixed Hodge structure by using a resolution of the nearby cycle sheaf on which the
monodromy weight filtration can be defined. This limit mixed Hodge structure coincides
with the one obtained by W. Schmid [26] using the SL2-orbit theorem, because the weight
filtration coincides with the (shifted) monodromy filtration, see [23] and also [5], [9], [11],
[24, 2.3], etc.
A similar construction was then given by M. Rapoport and T. Zink [21] in the case X is
projective and semistable over a henselian discrete valuation ring R of mixed characteristic.
Here we may assume f semistable because the non semistable case can be reduced to
the semistable case by [2] replacing the discrete valuation field with a finite extension if
necessary. Then Deligne’s conjecture on the monodromy filtration [3, I] is stated as
0.1. Conjecture. The obtained weight filtration coincides with the monodromy filtration
shifted by the degree of cohomology.
This conjecture is proved so far in the case n ≤ 2 by [21] (using [2]) and in some other
cases (see e.g. [8], [25]). We cannot apply the same argument as in the complex analytic
case, because we do not have a good notion of positivity for l-adic sheaves. In the positive
characteristic case, however, the conjecture was proved by Deligne [4] (assuming f is the
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base change of a morphism to a smooth curve over a finite field). In this paper we apply
the arguments in [23], [24] to the mixed characteristic case, and show that Conjecture (0.1)
is closely related to the standard conjectures which would give a notion of positivity for
the pairings of correspondences (but not for the pairings of cohomology groups in general).
Let Y (i) denote the disjoint union of the intersections of i irreducible components of
the special fiber X0. Let k be the residue field of R which is assumed to be a finite field.
Let k be an algebraic closure of k, and put Y
(i)
k
= Y (i) ⊗k k. Let l be a prime number
different from the characteristic of k. Then the E1-term of the weight spectral sequence
of Rapoport and Zink is given by direct sums of the l-adic cohomology groups of Y
(i)
k
which are Tate-twisted appropriately. Its differential d1 consists of the Cech restriction
morphisms and the co-Cech Gysin morphisms which are denoted respectively by ρ and γ in
this paper. The primitive cohomology of Y
(i)
k
has a canonical pairing induced by Poincare´
duality together with the hard Lefschetz theorem [4] (choosing and fixing an ample divisor
class of f).
0.2. Theorem. Conjecture (0.1) is true if the restrictions of the canonical pairing to the
intersections of the primitive part with Im ρ and with Im γ are both nondegenerate.
So the problem is reduced to the study of the canonical pairing on the primitive part.
There are some examples satisfying the assumption of (0.2), see (2.8). If n = 3, the
converse of (0.2) is also true and the hypothesis on Im γ is always satisfied in this case
(using [2], [21]). Note that (0.1) may apparently depend on the choice of l, and we can
prove (0.1) for certain l in a simple case where every eigenvalue of the Frobenius action
has multiplicity 1, see (2.7) and (5.4). (In this case we can determine the endomorphism
ring of a simple motive, see (5.2).) However, the general case seems to be related closely
to the standard conjectures.
A conjecture similar to (0.2) but using only the restriction morphisms was noted by
Rapoport and Zink in the introduction of [21]. We can prove this conjecture under an
inductive hypothesis as follows:
0.3. Theorem. Assume that Conjecture (0.1) holds for a general hyperplane section of
the generic fiber, and that the restriction of the modified pairing in [21] to Im ρ or the
restriction of the canonical pairing to the intersection of the primitive part with Im ρ is
nondegenerate. Then (0.1) is true.
In the complex analytic case, the hypothesis of (0.2) is trivially satisfied because of
the positivity of polarizations of Hodge structures. We can argue similarly if we have a
kind of “positivity” in characteristic p > 0. The positivity for a zero-dimensional variety
(or a motive) is clear, because the pairing is defined over the subfield Q of Ql). In the
one-dimensional case, this notion is provided by the theory of Riemann forms for abelian
varieties [31] (see also [17], [20]) combined with work of Deligne [6] on the compatibility of
the Weil pairing and Poincare´ duality (see also (3.4) below). These were used in an essential
way for the proof of Conjecture (0.1) for n = 2 in [21]. However, for higher dimensional
varieties, we do not know any notion of positivity except the standard conjecture of Hodge
index type [14]. Using the theory on the standard conjectures (loc. cit.) we show
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0.4. Theorem. Assume that the standard conjectures hold for Y (i), Y (i)×kY
(i), and the
numerical equivalence and the homological equivalence coincide for Y (i)×kY
(i+1) (i > 0).
Then Conjecture (0.1) is true.
I am quite recently informed that if the generic fiber can be uniformized by the Drinfeld
upper half space, Conjecture (0.1) is proved by T. Ito using Theorem (0.2).
Part of this work was done during my stay at the University of Leiden. I thank Professor
J. Murre for useful discussions, and the staff of the institute for the hospitality. I also
thank Takeshi Saito for a useful discussion about the consequence of de Jong’s theory of
alternations.
In Sect. 1 and Sect. 2, we review the theory of graded or bigraded modules of Lefschetz-
type and prove (0.2) and (0.3). In Sect. 3, we review the work of Deligne on the com-
patibility of the Weil pairing and Poincare´ duality. In Sect. 4, we review the standard
conjectures and prove (0.4). In Sect. 5, we study the Frobenius action, and prove (0.1) in
some simple cases.
1. Graded Modules of Lefschetz-Type
We first review a theory of morphisms of degree 1 between graded modules of Lefschetz-
type [23]. A typical example is given by the restriction or Gysin morphism associated to
a morphism of smooth projective varieties whose relative dimension is −1.
1.1. In this and the next sections we denote by Λ a field. By a graded Λ[L]-module we
will mean a finite dimensional graded vector space M • over Λ having an action of L with
degree 2. We call M • n-symmetric if
Lj :Mn−j
∼
−→Mn+j for j > 0.
Here the Tate twists are omitted to simplify the notation. We say that M • is a graded
module of Lefschetz-type if it is a 0-symmetric graded Λ[L]-module. Then we have the
Lefschetz decomposition
M j =
⊕
i≥0 L
i
0M
j−2i with 0M
−j = KerLj+1 ⊂M−j .
We say that f : M • → N • is a morphism of degree m between graded modules of
Lefschetz-type, if f(M j) ⊂ N j+m and f is Λ[L]-linear. Shifting the degree of N•, it
is identified with a graded morphism of a 0-symmetric graded Λ[L]-module to a (−m)-
symmetric graded Λ[L]-module. Considering the image of the primitive part, we see that
a morphism of degree 0 preserves the Lefschetz decomposition and there is no nontrivial
morphism of negative degree (i.e. a morphism of a 0-symmetric module to an n-symmetric
module for n > 0 is trivial). For a morphism of degree 1, we see that
(1.1.1) f(0M
−j) ⊂ 0N
−j+1 + L 0N
−j−1.
Let f :M • → N • be a morphism of degree 1 between graded modules of Lefschetz-type.
We define
Im0f =
⊕
j∈Z(
⊕
i≥0 L
i(Im f ∩ 0N
−j)), Im1f = Im f/Im0f.
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Then Im0f is 0-symmetric, and its primitive part is given by Im f ∩ 0N
−j . It has been
remarked by T. Ito that the proof of the next lemma easily follows from the definition
itself.
1.2. Lemma. The quotient module Im1f is 1-symmetric, i.e. we have the bijectivity of
(1.2.1) Lj+1 : (Im1f)−j → (Im1f)j+2 for j ≥ 0,
where the upper index −j means the degree −j part, etc.
Proof. The surjectivity follows from the 0-symmetry of M . To show the injectivity, let
n =
∑
i≥0 L
ini ∈ (Im f)
−j with ni ∈ 0N
−j−2i, and assume Lj+1n ∈ (Im0f)j+2. Since
Lj+1n =
∑
i>0 L
j+i+1ni and Im
0f is 0-symmetric, we may assume ni = 0 for i > 0 by
modifying n modulo Im0f if necessary. Then n ∈ Im0f by definition, and the assertion
follows.
1.3. Proposition. Let M •, N • be graded Λ[L]-modules of Lefschetz-type, and
f :M
•
→ N
•
, g : N
•
→M
•
be morphisms of degree one. Assume there are nondegenerate pairings of Λ-modules
ΦM :M
j ⊗Λ M
−j → Λ, ΦN : N
j ⊗Λ N
−j → Λ,
such that ΦN ◦(f ⊗ id) coincides with ΦM ◦(id⊗ g) up to a nonzero multiple constant and
that ΦM◦(id⊗ L) = ΦM ◦(L⊗ id) (and the same for ΦM ). Then
dim (Im0f)j = dim (Im1g)j+1, dim (Im0g)j = dim (Im1f)j+1.
Proof. Let aj , bj, cj, dj denote respectively the above dimensions so that aj = a−j , bj =
b−j , etc. By the duality of f and g, we have
aj+1 + dj = dim (Im f)
j+1 = dim (Im g)−j = b−j−1 + c−j = bj+1 + cj .
If we put pj = aj − bj, qj = cj − dj , we get pj+1 = qj for any j ∈ Z. So pj = qj = 0 by the
symmetry of pj , qj , and the assertion follows.
1.4. Lemma. With the notation and assumption of (1.3), assume that n ∈ Im f ∩ 0N
−j
vanishes if ΦN (f(m), L
jn) = 0 for any m ∈M−j−1. Then
(1.4.1) Ker g ∩ Im0f = 0.
Proof. Let n =
∑
0≤i≤r L
ini with ni ∈ 0N
−j−2i, and assume g(n) = 0. Since
Lj+2rg(nr) = L
j+rg(n) = 0,
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the assertion is reduced by induction on r to the injectivity of
g◦Lj : Im f ∩ 0N
−j →M j+1.
But this injectivity is clear, because ΦN (f(m), L
jn) is equal to ΦM (m, g(L
jn)) up to a
nonzero multiple constant. So the assertion follows.
1.5. Proposition. With the notation and assumption of (1.3), assume the vanishing of
fgf and the injectivity of
(1.5.1) f : Im0g → N•, g : Im0f →M •.
Then the compositions
(1.5.2) Im0g
f
→ Im f → Im1f, Im0f
g
→ Im g → Im1g
are isomorphisms, and we have canonical decompositions
(1.5.3) Im f = Im0f ⊕ Im1f, Im g = Im0g ⊕ Im1g,
such that the restriction of g to Im0f is injective, and that to Im1f is zero, and similarly
for the restriction of f . Furthermore, we have canonical isomorphisms
(1.5.4) Im fg = Im1f, Im gf = Im1g.
Proof. The hypothesis implies f(Im0g)∩Im0f = g(Im0f)∩Im0g = 0, because the vanishing
of fgf is equivalent to that of gfg by duality. So the assertion follows from (1.3).
1.6. Proposition. With the notation and the assumptions of (1.3), assume further that
(1.4.1) holds, Im fg is 1-symmetric, gfg = 0, and
(1.6.1) (Ker g ∩ Im f)j = (Im fg)j for j 6= 0.
Then (1.6.1) holds also for j = 0.
Proof. Since Ker g ∩ Im f ⊃ Im fg, it is enough to show the coincidence of the images of
both sides of (1.6.1) in Im1f using (1.4.1). We can identify
(1.6.2) (Ker g ∩ Im f)/Im fg
with a graded Λ[L]-submodule of Im1f/Im fg, and the last module is 1-symmetric by
hypothesis and (1.2). Furthermore (1.6.2) vanishes except for the degree 0 by hypothesis.
So it vanishes at any degree, and the assertion follows.
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2. Bigraded Modules of Lefschetz-Type
We prove (0.2–3) after reviewing a theory of bigraded modules of Lefschetz-type [23], [24].
These modules appear in the E1-term of the Steenbrink-type spectral sequence associated
to a semi-stable degeneration.
2.1. LetM •,• be a bigraded Λ[N,L]-module of Lefschetz-type, i.e. it is a finite dimensional
bigraded vector space over Λ having commuting actions of N,L with bidegrees (2, 0) and
(0.2) respectively such that
N i :M−i,j
∼
−→M i,j (i > 0), Lj :M i,−j
∼
−→M i,j (j > 0).
Put M ji =M
−i,j, and (0)M
j
i = KerN
i+1 ⊂M ji for i ≥ 0, and 0 otherwise. Then we have
the Lefschetz decomposition for the first index:
(2.1.1) M ji =
⊕
a≥0N
a
(0)M
j
i+2a.
We define Cji = (0)M
j
i and
Cji,a = N
aCji+a ⊂M
j
i−a,
so that Cji,a = 0 for i < 0 or a < 0, and C
j
i,0 = C
j
i . Then
(2.1.2) N i−a : Cji,a
∼
−→ Cja,i (i > a), L
j : C−ji,a
∼
−→ Cji,a (j > 0).
Let d be a differential of bidegree (1, 1) onM •,• which commutes with N,L and satisfies
d2 = 0. By (1.1.1) applied to the action of N , we have a decomposition d = d′ + d′′ such
that
d′ : Cji,a → C
j+1
i−1,a, d
′′ : Cji,a → C
j+1
i,a+1
are differentials which anti-commute with each other. Let C•i =
⊕
j∈ZC
j
i . We have
morphisms of degree 1 between graded Λ[L]-modules
γi : C
•
i → C
•
i−1 (i > 0), ρi : C
•
i → C
•
i+1 (i ≥ 0)
such that d′, d′′ are identified with γi−a, ρi−a respectively.
We define Hji = Z
j
i /B
j
i with
Zji = Ker(d :M
j
i →M
j+1
i−1 ), B
j
i = Im(d :M
j−1
i+1 →M
j
i ).
Then we have the induced morphism N : Hji → H
j
i−2, and similarly for Z
j
i , B
j
i . For a
positive integer i and an integer j, we will consider the condition for the bijectivity of the
morphism
(2.1.3) N i : Hji → H
j
−i for i > 0.
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For this we will assume that the action of L induces bijections
(2.1.4) Lj : H−ji
∼
−→ Hji for j > 0,
and that both terms of (2.1.3) have the same dimension (so that bijectivity is equivalent
to injectivity and to surjectivity). Using (2.1.4), the last assumption is satisfied if we have
a self-duality of M •,•.
Since M •i−1 = C
•
i−1 ⊕NM
•
i+1 and N
i :M ji
∼
−→M j−i (i > 0), we have a morphism
d˜ := d◦N−i : Zj−i → C
j+1
i−1 for i > 0.
2.2. Proposition. (i) The surjectivity of (2.1.3) is equivalent to
(2.2.1) d˜(Zj−i) = (Im γiρi−1)
j+1.
(ii) If (2.1.3) for (i+2, j) is surjective, then the surjectivity of (2.1.3) is further equivalent
to
(2.2.2) γi(Ker ρi)
j = (Im γiρi−1)
j+1.
(iii) If furthermore (2.1.3) for (i+2, j) is surjective and (2.1.3) for (i+1, j+1) is injective,
then the surjectivity of (2.1.3) is further equivalent to
(2.2.3) (Ker ρi−1 ∩ Im γi)
j+1 = (Im γiρi−1)
j+1.
(iv) If (2.1.3) for (i+ 1, j − 1) is surjective, then the injectivity of (2.1.3) is equivalent to
(2.2.4) (Ker γi ∩ Im ρi−1)
j = (Im ρi−1γi)
j (= (Im γi+1ρi)
j).
Proof. We have by definition d˜(Bj−i) = (Im γiρi−1)
j+1. Then the first assertion is clear
because the surjectivity is equivalent to Zj−i = B
j
−i +N
iZji .
For the second, take m =
∑
a≥0 N
ama ∈ N
−iZj−i with ma ∈ C
j
i+2a to calculate d˜(Z
j
−i).
We may assume thatm0 ∈ Ker ρi applying (2.2.1) for i+2 to
∑
a≥1N
a−1ma and modifying
m by an element of d(Cj−1i+1 ) because this does not change dm. So the second assertion is
clear.
Before showing the third assertion, we see that
(Ker γi ∩ Im ρi−1)
j/d˜(Zj−1−i−1)
∼
−→ (N−iBj−i ∩ Z
j
i )/B
j
i ,
because N−iBj−i = (Im ρi−1)
j +Bji . Then the last assertion follows from (2.2.1).
For the third assertion, take γim ∈ (Ker ρi−1)
j+1, where m ∈ Cji with ρi−1γim = 0.
Then ρim ∈ Ker γi+1, and we may assume ρim = 0 using (2.2.4) for (i + 1, j + 1) and
8 MORIHIKO SAITO
modifying m by γi−1m
′ because it does not change γim. So the assertion follows from
(2.2.2).
2.3. Application. With the notation of the introduction we may assume
(2.3.1) Cji = H
n−i+j(Y
(i+1)
k
,Ql(−i)), H
j
i = Gr
W
n+j+iH
n+j(XK ,Ql),
and ρi, γi+1 are respectively the Cech restriction and co-Cech Gysin morphisms, which
are dual of each other up to a sign. In particular, ρjγj+1ρj = −γj+2ρj+1ρj = 0, i.e.
the first hypothesis of Proposition (1.5) is satisfied. Note that N is the logarithm of the
monodromy, and L is given by the ample divisor class of f , see [11], [21]. So the bijectivity
of (2.1.4) follows from the hard Lefschetz theorem for the generic fiber together with the
strict compatibility of the weight filtration [4].
2.4. Conjecture of Rapoport and Zink. For a smooth projective k-variety Y with an
ample line bundle L, we have a canonical pairing on Hj(Y,Ql) by Poincare´ duality and
the Hard Lefschetz theorem [4]. Using further the Lefschetz decomposition and modifying
the sign as in (4.1), we get a modified pairing on Hj(Y,Ql) as in [21]. Rapoport and
Zink noted there that Conjecture (0.1) would be verified if the restriction of this modified
pairing to Im ρ is nondegenerate. Note that the hypothesis of (1.4) is satisfied under the
above hypothesis (where f = ρi−1 and g = γi) because the modified pairing coincides with
the canonical pairing up to a sign if one factor belongs to the primitive part.
2.5. Proof of (0.2) and (0.3). By [21], the E1-term of the weight spectral sequence
has a structure of bigraded Ql-modules of Lefschetz-type, see (2.3). Then (2.2.3–4) follows
from (1.4–5), and Theorem (0.2) follows.
For Theorem (0.3) we will show by decreasing induction on i that (2.1.3) is bijective
(or equivalently, injective) and Im γiρi−1 is 1-symmetric. Assume the two assertions are
true for i + r with r > 0. Considering the restriction morphism to a general hyperplane
section of the generic fiber and using the weak Lefschetz theorem, we see that (2.1.3) is
injective for j < 0, because the restriction morphism is strictly compatible with the weight
filtration. Then (2.1.3) is injective also for j > 0 by (2.1.4), and it is injective for any j
by (2.2) (iv) and (1.6) where f = ρi−1 and g = γi. So it remains to show that Im γiρi−1
is 1-symmetric.
Since the injectivity of the first morphism of (1.5.1) follows from (1.4), the assertion is
reduced by (1.5) to the injectivity of ρi−1 : Im
0γi → C
•
i [1], i.e. to the vanishing of
(2.5.1) Ker(ρi−1 : Im
0γi → (Im ρi−1γi)[1]).
Here [m] means a shift of degree for an integer m, i.e. (M [m])i = M i+m. We see that
(2.5.1) is 0-symmetric, because Im0γi and (Im ρi−1γi)[1] are (using inductive hypothesis).
Furthermore (2.5.1) is a submodule of Ker ρi−1 ∩ Im γi, and the latter is identified by
(2.2.3–4) with
Im(γi : (Im ρi−1)[−1]→ Im γi) = (Im ρi−1/Im ρi−1γi)[−1].
The last module is an extension of a 2-symmetric module by a 1-symmetric module, be-
cause Im ρi−1γi ∩ Im
0ρi−1 = 0 by (1.4) and Im ρi−1γi (= Im γi+1ρi) is 1-symmetric by
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inductive hypothesis. But there is no nontrivial morphism of a 0-symmetric module to an
n-symmetric module for n > 0, see (1.1). So the assertion follows.
2.6. First cohomology case. The restriction of the pairing to the image of ρi−1 in
H1(Y
(i+1)
k
,Ql) is always nondegenerate by the abelian-positivity in Sect. 3, because ρi−1
is associated to the morphism of Picard varieties using the Tate module.
2.7. Three-dimensional case. Assume n = 3. Then we can show that Conjecture (0.1)
is equivalent to the nondegeneracy of the restrictions of the canonical pairing to
(2.7.1) H3(Y
(1)
k
,Ql)
prim ∩ Im γ, H2(Y
(2)
k
,Ql)
prim ∩ Im ρ.
Indeed, using the abelian-positivity in Sect. 3, the arguments in (2.5) show that these
conditions in this case are equivalent respectively to the bijectivity of
N : H−11 → H
−1
−1 , N : H
0
1 → H
0
−1.
Since the first morphism is bijective by using a general hyperplane section, the nondegen-
eracy of the pairing for the intersection with Im γ in (0.2) is always true for n = 3. Note
that the bijectivity of the first morphism cannot be proved by using simply the abelian
positivity in Sect. 3 unless we know that Ker γ ∩H1(Y
(2)
k
,Ql) corresponds to an abelian
subvariety of the Picard variety.
If Im ρ ⊂ H2(Y
(2)
k
,Ql) is contained in the subspace generated by algebraic cycle classes,
then Conjecture (0.1) can be reduced to D(Y (1)) or A(Y (1), L) in the notation of (4.1) (or
to the Tate conjecture [30] for divisors on Y (1)) because D(Y (2)), D(Y (1)) for divisors and
I(Y (2), L) are known.
If, for every eigenvalue of the Frobenius action on Im ρ∩H2(Y
(2)
k
,Ql)
prim, its multiplicity
as an eigenvalue of the Frobenius action on H2(Y
(2)
k
,Ql)
prim is 1, then Conjecture (0.1)
can be proved for certain prime numbers l, see (5.4).
2.8. Example. Let V → S := SpecR be a smooth projective morphism of relative
dimension n + 1. For i = 0, . . . , r, let Zi be a smooth hypersurface of V defined by a
section Pi of a relative ample line bundle Li. Assume L0 =
⊗
1≤i≤r Li, and
⋃
0≤i≤r Zi is
a divisor with normal crossings relative to R (i.e. the fiber over Spec k is a divisor with
normal crossings). Let pi be a generator of the maximal ideal of R, and define
P = P1 · · ·Pr + P0pi.
Let X be the hypersurface of V defined by P . (This is an analogue of [7] for r = 2.) Then
Conjecture (0.1) is true for a semi-stable model of the generic fiber of X although X is not
semistable in general.
Indeed, consider an iteration of blow-ups σj : V
(j) → V (j−1) along the proper transform
of Z0 ∩Zj for j = 1, . . . , r− 1, where V
(0) = V . We have local coordinates x0, . . . , xn over
R such that P is locally given by
ux1 · · ·xm + x0pi,
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where xi is the restriction of Pi for i ≤ m and u is locally invertible. Then the proper
transform of P by the blow-up along Z0 ∩ Z1 is locally given by
ux2 · · ·xm + x
′
0pi or ux
′′
1x2 · · ·xm + pi,
where (x′0, x1, x2, · · · , xn) and (x0, x
′′
1 , x2, · · · , xn) are local coordinate systems on open
subvarieties U ′, U ′′ of V (1) such that x0 = x
′
0x1 on U
′ and x1 = x
′′
1x0 on U
′′. Here the
pull-back of xi is also denoted by xi to simplify the notation. Since U
′′ does not intersect
the proper transform of Z0 ∩ Zj for j > 1, we can proceed by induction, and get a semi-
stable model. Its generic fiber is same as that of X because the intersection of the center
of the blow-up with the generic fiber of (the proper transform of) X is a locally principal
divisor on the generic fiber. Furthermore the Y (i) are lifted to smooth projective schemes
over R so that the assumption of (0.2) is verified by using Hodge theory.
3. Abelian-Positivity
3.1. Canonical pairing. Let A be an abelian variety over a field k. We denote by A∨
its dual variety, and by TlAk the Tate module of Ak := A⊗k k where l is a prime number
different form char k. Using the Kummer sequence, we have a canonical isomorphism
(3.1.1) H1(Ak, µn) = A
∨(k)n (:= Ker(n : A
∨(k)→ A∨(k))),
where n is an integer prime to char k. Then, passing to the limit, we get
(3.1.2) H1(Ak,Zl(1)) = TlA
∨
k
.
Since the left-hand side of (3.1.1) is identified with
Hom(A(k)n, µn),
using torsors [6], we get the canonical pairing of Weil [31] (see also [17], [20]):
(3.1.3) A(k)n ⊗A
∨(k)n → µn, TlAk ⊗Zl TlA
∨
k
→ Zl(1).
To get a pairing of TlAk, we take a divisor D on A which induces a morphism
(3.1.4) ϕD : A→ A
∨,
such that ϕD(a) ∈ A
∨(k) for a ∈ A(k) is given by T ∗aDk −Dk, where Ta is the translation
by a (see loc. cit.) Note that ϕD depends only on the algebraic equivalence class of D,
and ϕD is an isogeny if D is ample.
If the pairing is induced by an ample divisor on A, its restriction to TlBk for any abelian
subvariety B of A is nondegenerate, because we have the commutative diagram:
(3.1.5)
B −−−−→ AyϕD|B
yϕD
B∨ ←−−−− A∨
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Note that this holds only for subgroups of TlAk corresponding to abelian subvarieties.
We say that a pairing of a Ql-module V with a continuous action of G := Gal(k/k) is
abelian-positive if there exists an abelian variety with an ample divisor D such that V is
isomorphic to TlAk⊗ZlQl up to a Tate twist as a Ql[G]-module and the pairing corresponds
to the one on TlAk defined by the canonical pairing and ϕD. Note that abelian-positive
pairings (having the same weight) are stable by direct sums.
3.2. Compatibility of the cycle classes. Let A be an abelian variety over k, X a
smooth projective variety over k, and D a divisor on A×kX such that its restriction to
{0}×X is rationally equivalent to zero. Let P be the Picard variety of X . Then D induces
a morphism of abelian varieties
ΨD : A→ P,
such ΨD(a) ∈ P (k) for a ∈ A(k) is defined by the restriction of Dk to {a}×Xk, see [31]
(and also [17], [20]).
Let cl(D)1,1 ∈ H1(Ak, R
1(pr1)∗µn) denote the (1, 1)-component of the cycle class of D,
where n is an integer prime to char k, and pr1 is the first projection. Assume NS(X) is
torsion-free. Then R1(pr1)∗µn is a constant sheaf on Ak with fiber H
1(Xk, µn) = P (k)n,
and we get
cl(D)1,1 ∈ H1(Ak, R
1(pr1)∗µn) = Hom(A(k)n, P (k)n).
3.3. Theorem (Deligne). The induced morphism ΨD : A(k)n → P (k)n coincides with
−cl(D)1,1.
(The proof is essentially the same as in [6].)
3.4. Corollary (Deligne). Let C be a smooth projective curve over a field k, and J
its Jacobian. Then we have a canonical isomorphism H1(Ck,Zl(1)) = TlJ(k) such that
Poincare´ duality on H1(Ck,Zl(1)) is identified with the pairing of TlJ(k) given by the
canonical pairing (3.1.3) together with (3.1.4) for the theta divisor on J .
Proof. We may assume that C has a k-rational point replacing k with a finite extension k′
and C with C ⊗k k
′ if necessary. Choosing a k-rational point of C, we have a morphism
f : C → J . It is well-known that this induces isomorphisms
f∗ : H1(Jk,Zl)
∼
−→ H1(Ck,Zl),
f∗ : H
1(Ck,Zl)
∼
−→ H2g−1(Jk,Zl(g − 1)).
These are independent of the choice of the k-rational point of C, because a translation
on J acts trivially on the cohomology of J . Since f∗ and f
∗ are dual of each other, the
canonical pairing on H1(Ck,Zl) is identified by f
∗ with the pairing on H1(Jk,Zl) given
by Poincare´ duality and f∗◦f
∗.
Let Γ1 = m
∗Θ − pr∗1Θ − pr
∗
2Θ, where Θ is the theta divisor, and m : J×kJ → J is
the multiplication. Let Γ2 ∈ CH
g(J×kJ) be the diagonal of f(C) ⊂ J so that f∗◦f
∗
is identified with Γ2. Since the canonical pairing (3.1.3) can be identified with Poincare´
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duality (see (3.6)), the assertion is reduced by (3.3) (where A = X = J and D = Γ1) to
that the actions of the correspondences
(Γ1)∗ : H
2g−1(Jk,Zl)→ H
1(Jk,Zl(1− g)),
(Γ2)∗ : H
1(Jk,Zl(1− g))→ H
2g−1(Jk,Zl)
are inverse of each other up to sign, or equivalently, that the action of the composition
of Γ2◦Γ1 on H
2g−1(Jk,Zl) is the multiplication by −1. Here it is enough to show the
assertion for the action on the Albanese variety of J , see (3.7). For a, b ∈ J(k), we see that
the image of [a]− [b] by the action of Γ2◦Γ1 is given by
(3.4.1) f∗f
∗(T ∗aΘ− T
∗
b Θ).
Let C(j) denote the j-th symmetric power of C. Then f induces f (j) : C(j) → J , and
f (g) is birational [31]. So there is a nonempty Zariski-open subset U of J such that for
a ∈ U(k), there exists uniquely {c1, . . . , cg} ∈ C
(g)(k) satisfying
(3.4.2) −a −
∑
i6=j
f(ci) = f(cj).
Since Θ = f (g−1)(C(g−1)), it implies that T ∗aΘ
− ∩ f(C) = {f(cj)}, where Θ
− = (−1)∗Θ.
But ϕΘ = ϕΘ− , because the action of −1 : J → J on NS(J) is the identity. So the assertion
follows from (3.4.1–2).
3.5. First cohomology case. Let Y be a smooth projective variety with an ample divisor
class L. Then the canonical pairing on H1(Yk,Ql), defined by Poincare´ duality and L, is
abelian-positive. Indeed, we may assume L is very ample, and take C a smooth closed
subvariety of dimension 1 which is an intersection of general hyperplane sections (replacing
k with a finite extension if necessary). Then the composition of the restriction and Gysin
morphisms
H1(Yk,Ql)→ H
1(Ck,Ql)→ H
2n−1(Yk,Ql(n− 1))
coincides with Ln−1, where n = dimX . So the pairing on H1(Yk,Ql) is identified with the
restriction of the natural pairing on H1(Ck,Ql) to H
1(Yk,Ql).
3.6. Complement to the proof of (3.4), I. Let X be an irreducible smooth projective
variety over a field k having a k-rational point 0. Let PX be the Picard variety of X .
Then we have a canonical morphism Alb : X → P∨X sending 0 to 0 so that P
∨
X is identified
with the Albanese variety AlbX of X . (Indeed, for an abelian variety A and a morphism
f : (X, 0) → (A, 0), we have f∨ : A∨ → PX and f
∨∨ : P∨X → A so that f
∨∨◦Alb = f ,
using the theory of divisorial correspondences.)
Let n = dimX , and l a prime number different from the characteristic of k. Let
VlM = TlM ⊗Zl Ql for an abelian group M . Then, using the Kummer sequence together
with the arguments in (3.1), we have canonical isomorphisms
VlPX(k) = H
1(Xk,Ql(1)),
VlAlbX(k) = Hom(VlPX(k),Ql(1)) = H
2n−1(Xk,Ql)(n),
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where the last isomorphism follows from the first together with Poincare´ duality, and the
last term is identified with H1(Xk,Ql) := Hom(H
1(Xk,Ql),Ql).
3.7. Complement to the proof of (3.4), II. Let X, Y be irreducible smooth projective
varieties over a field k having a k-rational point 0. Let Γ ∈ CHm(X×kY ) with m = dimY .
Then Γ induces morphisms
(X, 0)→ (AlbY , 0), Γ∗ : AlbX → AlbY ,
and the induced morphism Γ∗ : VlAlbX(k)→ VlAlbY (k) is identified by (3.6) with
Γ∗ : H
2n−1(Xk,Ql)(n)→ H
2m−1(Yk,Ql)(m),
which is given by cl(Γ)1,2m−1 ∈ H1(Xk,Ql)⊗H
2m−1(Yk,Ql)(m), the (1, 2m−1)-component
of the cycle class of Γ∗, see also [22]. Although this is well-known to specialists, its proof
does not seem to be completely trivial, and we give here a short sketch for the convenience
of the reader.
First we may replace Y with AlbY (by composing Γ with the graph of Y → AlbY ) so
that the assertion is reduced to the case Y is an abelian variety A. Consider Alb(Γ) ∈
CHm(X×kA) which is a graph of a morphism of X to A, and is defined by using the
additive structure of A (applied to the restriction of Γ to the generic fiber of X×kA→ X).
Then the assertion is easily verified if Γ is replaced by Alb(Γ), because Alb(Γ) is then
extended to an element of CHm(AlbX×kA) which is a graph of a morphism of abelian
varieties.
So the assertion is reduced to that cl(Γ)1,2m−1 = 0 if Alb(Γ) = 0. Here we may assume
k is algebraically closed. Replacing X with a variety which is e´tale over X , we may assume
that Γ is a linear combination of the graphs of morphisms of X to A (where X is smooth
and irreducible, but may be nonproper). By induction on the number of the components
of Γ, we may assume that
Γ = Γg1+g2 − Γg1 − Γg2 − Γ0
for morphisms gi : X → A (i = 1, 2), where Γgi denotes the graph of gi.
Let Γ˜ denote the pullback of the cycle Γg1 −Γ0 by the projection A×kX×kA→ X×kA
sending (a, x, b) to (x, a+ b). Then Γg1 −Γ0 and Γg1+g2 −Γg2 coincide with the pull-backs
of Γ˜ by the inclusions X×kA → A×kX×kA sending (x, a) to (0, x, a) and (−g2(x), x, a)
respectively. Since these inclusions are sections of the projection to the second and third
factors, it is enough to show that the Ku¨nneth component of the cycle class of Γ˜ in
H1(A×kX,Ql)⊗H
2m−1(A,Ql)(m)
comes from H1(X,Ql) ⊗ H
2m−1(A,Ql)(m) by pr2×id, where pr2 : A×kX → X is the
second projection. The last assertion is easily verified by using the Ku¨nneth decomposition.
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4. Standard Conjectures
4.1. Let Y be an equidimensional smooth projective variety over a field k. We fix an
ample divisor class L of Y . Then L acts on e´tale cohomology. Let n = dimY . By the
hard Lefschetz theorem [4], we have
Lj : Hn−j(Yk,Ql)
∼
−→ Hn+j(Yk,Ql(j)) (j > 0),
which implies the Lefschetz decomposition
Hj(Yk,Ql) =
⊕
i≥0 L
iHj−2i(Yk,Ql(−i))
prim.
This induces a morphism
Λ : Hj(Yk,Ql)→ H
j−2(Yk,Ql(−1)),
such that for m ∈ Hj(Yk,Ql)
prim, we have Λ(Lim) = Li−1m if i > 0, and 0 otherwise.
The standard conjecture B(Y ) asserts that Λ is algebraically defined as an action of a
correspondence.
We define
(4.1.1) Aj(Y ) = Im(cl : CHj(Y )Q → H
2j(Yk,Ql(j))),
so that we have the injective morphism Aj(Y ) → H2j(Yk,Ql(j)). Note that A
j(Y ) may
apparently depend on the choice of l. The standard conjecture A(Y, L) asserts the isomor-
phism
Ln−2i : Ai(Y )
∼
−→ An−i(Y ) (0 ≤ i < n/2).
This is independent of L if the Ai(Y ) are finite dimensional, because it is equivalent to the
equality of the dimensions by the hard Lefschetz theorem for the e´tale cohomology groups.
The conjecture A(Y, L) follows from B(Y ), and implies that the Lefschetz decomposition
is compatible with the subspace Aj(Y ) so that
Aj(Y ) =
⊕
i≥0 L
iAj−i(Y )prim.
The standard conjecture of Hodge index type I(Y, L) asserts that the pairing
(−1)j〈Ln−2ja, b〉 for a, b ∈ Aj(Y )prim
is positive definite for 0 ≤ j ≤ n/2.
We will denote by D(Y ) the conjecture which asserts the coincidence of the homological
equivalence and the numerical equivalences for the cycles on Y (i.e. the canonical pairing
between Aj(Y ) and An−j(Y ) is nondegenerate for Aj(Y )). This is equivalent to A(Y, L)
under the assumption I(Y, L), and implies the injectivity of
(4.1.2) Aj(Y )⊗Q Ql → H
2j(Yk,Ql(j)),
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and also the independence of Aj(Y ) of the choice of l. It is known that D(Y ) is true for
divisors (by Matsusaka), and I(Y, L) is true for surfaces (by Segre [28]), see [14], [16] (and
also [10], [19]).
By the Lefschetz decomposition, we have an isomorphism
∗ : Hn+j(Yk,Ql)
∼
−→ Hn−j(Yk,Ql(−j))
such that for m ∈ Hi(Yk,Ql(−a))
prim, we have
∗(Lam) = (−1)i(i+1)/2Ln−i−am.
Combined with Poincare´ duality, this induces a pairing on H•(Yk,Ql) defined by 〈m,
∗n〉
for m,n ∈ Hj(Yk,Ql).
For a nonzero correspondence Γ ∈ An(Y×kY ) ⊂ End(H
•(Yk,Ql)), we define Γ
′ to be
the composition of ∗, tΓ and ∗, where tΓ is the transpose of Γ. Then Γ′ is algebraic and
(4.1.3) Tr(Γ′◦Γ) > 0,
if B(Y ) and I(Y×kY, L ⊗ 1 + 1 ⊗ L) are satisfied, see [14]. (This is an analogue of the
positivity of the Losati involution.) Note that H•(Yk,Ql) ⊗H
•(Yk,Ql) is the direct sum
of
Si,j :=
i∑
a=0
j∑
b=0
LaHn−i(Yk,Ql)
prim ⊗ LbHn−j(Yk,Ql)
prim.
For i = j, the primitive part of Si,i of degree 2n for the action of L ⊗ 1 + 1 ⊗ L is
isomorphic to Hn−i(Yk,Ql)
prim ⊗ Hn−i(Yk,Ql)
prim, and this isomorphism is compatible
with the canonical pairing up to a nonzero multiple constant.
If B(Y ) and I(Y×kY, L⊗1+1⊗L) are true, then A
n(Y×kY ) is a semisimple algebra and
there are projectors to primitive parts (and D(Y×kY ) holds), see [14], [15], [18]. We have
the projector to each cohomology group by the algebraicity of the Ku¨nneth components
using the Frobenius morphism [13] (because k is assumed to be a finite field). By Jannsen
[12] it is actually enough to assume D(Y×kY ) for the semisimplicity of A
n(Y×kY ).
We will denote by
ι : An(Y×kY )→ End(H
•
(Yk,Ql))
the canonical injection induced by (4.1.1).
4.2. Remarks. (i) Assume D(Y×kY ) holds. Then A := A
n(Y×kY ) is a direct product
of full matrix algebras over skew fields by [12] (together with Wedderburn’s theorem). For
an element f of A, there exists an idempotent pi such that Im ι(pi) = Im ι(f) in H•(Yk,Ql).
Indeed, using projectors (and replacing H•(Yk,Ql) with the corresponding subspace V ),
the assertion is reduced to the case where A is a full matrix algebra over a skew field.
Then a matrix can be modified to a simple form by using actions of invertible matrices
from both sides as well-known (and a conjugate of an idempotent is an idempotent).
(ii) For a morphism of k-varieties f : X → Y , the idempotent corresponding to the
image of f∗ is obtained by considering the graph of f and applying the above argument
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to the disjoint union of X and Y if dimX = dimY . In general we can replace X or Y
by a product with Pm (using the Ku¨nneth decomposition for Pm), see [27]. Note that
D(X×kY×kP
m) can be reduced to D(X×kY ).
4.3. Proof of (0.4). By (4.1) and (4.2) there exists an idempotent pi of An(Y×kY ) such
that Im ι(pi) coincides with the intersection of the primitive part with the image of the
Cech restriction or co-Cech Gysin morphism.
We show in general that for a projector pi of An(Y×kY ), the restriction of the pairing
to Im ι(pi) is nondegenerate if Im ι(pi) is contained in Hj(Yk,Ql)
prim. For this it is enough
to show
(4.3.1) Im ι(pi) ∩Ker ι(pi′) = 0,
where pi′ is the composition of ∗, tpi, ∗ as in (4.1.3). We see that (4.3.1) follows from
(4.1.3) if pi corresponds to a simple motive, because the intersection is defined as a motive
(and the forgetful functor associating the underlying vector space commutes with Im, Ker
and the intersection). In general, we consider a simple submotive of Impi. Let pi0 be the
projector defining it. Then (4.3.1) holds for pi0, and we get a decomposition
Hj(Yk,Ql)
prim = Im ι(pi0)⊕ (Ker ι(pi
′
0) ∩H
j(Yk,Ql)
prim),
which is defined motivically, and is compatible with Im ι(pi), i.e.
Im ι(pi) = Im ι(pi0)⊕ (Ker ι(pi
′
0) ∩ Im ι(pi)).
Therefore, replacing Hj(Yk,Ql)
prim with Ker ι(pi′0) ∩ H
j(Yk,Ql)
prim, we can proceed by
induction. This completes the proof of (0.4).
5. Frobenius Action
5.1. Weil Conjecture. Let Y be an equidimensional smooth projective k-variety, and put
A = An(Y×kY ) where n = dimY . Let q = |k|, p = char k. We denote by g the graph of
the q-th power Frobenius. Then g belongs to the center of A (using the compatibility with
the Galois action). To simplify the relation with the eigenvalues, let P (T ) denote the char-
acteristic polynomial of the action of the Frobenius g on H•(Yk,Ql) (:=
⊕
i∈ZH
i(Yk,Ql))
such that the eigenvalues of the Frobenius action are the roots of P (T ) (this normalization
is different from the one used in [4], [13], etc.) Then P (T ) is a monic polynomial with
integral coefficients and is independent of l ( 6= p). The eigenvalues of the action of g on
Hi(Yk,Ql) are algebraic integers whose image by any embedding of Q into C has absolute
value qi/2, see [4].
Let E be an algebraic number field. Consider the decomposition P (T ) =
∏
j Pj(T )
mj
in E[T ] where the Pj(T ) are monic irreducible polynomials whose coefficients are algebraic
integers in E. Let v be a prime (i.e. a finite place) of E over a given prime number l ( 6= p).
Let Ev denote the completion of E at v, and Ev denote an algebraic closure of Ev (which
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is isomorphic to Ql). Consider the ring of correspondences AE with E-coefficients. We
have a natural inclusion
ι : AE → End(H
•
(Yk, Ev)),
and a natural surjection A ⊗Q E → AE , but the injectivity of the last morphism is not
clear unless the conjecture D(Y×kY ) holds.
As well-known, there exist Rj(T ) ∈ E[T ] such that pij := Rj(g) ∈ AE is an idempotent,∑
j pij = 1 and the characteristic polynomial of the action of g on Im ι(pij) is Pj(T )
mj .
Note that Im ι(pij) is contained in some cohomology group H
i(Yk, Ev) by [4], see [13].
5.2. Proposition. Let Mj be the motive defined by pij. Assume mj = 1. Then the endo-
morphism ring End(Mj) is generated by g over E, and is isomorphic to E[T ]/(Pj(T )).
Proof. Let F be a minimal Galois extension of E containing all the roots of Pj [T ]. Let
dj = degPj . For a root α of Pj [T ] in F , let E[α] denote the subfield of F generated by α,
which is isomorphic to E[T ]/(Pj(T )). By the same argument as above, we have a projector
piα in AE[α] such that
(5.2.1) gpiα = αpiα.
Take any Γ ∈ AE . There exists a polynomial h(T ) ∈ E[T ] such that
(5.2.2) Γpiα ·∆ = h(α) ∈ E[α],
where ∆ is the diagonal cycle of Y , and the left-hand side denotes the intersection number.
Note that h is independent of α using the action of Gal(F/E) because, fixing one root β,
we have for each root α an automorphism σ of F/E such that α = βσ. By the Lefschetz
trace formula, h(α) coincides with the eigenvalue of the action of Γ on the α-eigenspace
of g up to a sign independent of α. Here α denotes also the image of α by the embedding
F → Fv where v is a prime of F over l. So the assertion follows.
5.3. Image of correspondences. Let X be an equidimensional smooth projective k-
variety, and Γ ∈ CHr(X×kY )E . Assume that E is a subfield of R, degPj ≤ 2 for any j,
and the roots of Pj are not real if degPj = 2. Let β be an eigenvalue in Ev of the Frobenius
action on ImΓ∗ ∩H
i(Yk, Ev)
prim, and assume that its multiplicity as an eigenvalue of the
Frobenius action on Hi(Yk, Ev)
prim is 1 (i.e. the dimension of the generalized eigenspace
in Hi(Yk, Ev)
prim is 1). By definition β is a root of some Pj(T ). Assume further that
Pj(T ) is irreducible over Ev, and degPj = 2 (because the case degPj = 1 is trivial).
Let β′ be the other root of Pj(T ). Then β
′ is an eigenvalue of the Frobenius action on
ImΓ∗ ∩H
i(Yk, Ev)
prim, and hence ImΓ∗ ∩H
i(Yk, Ev)
prim contains Im ι(pij) on which the
canonical pairing is nondegenerate. Indeed, the pairing is compatible with the Frobenius
action and has value in Ev(−i) on which the action of g is a multiplication by q
i. So we
are interested in the problem: When is Pj irreducible over Ev?
Let F be the field generated by all the roots α of P in C. Since αα = qr with r ∈ Z, the
complex conjugation on F (induced by that on C/R) is in the center of Gal(F/Q), because
ασασ = qr and hence ασ = ασ for σ ∈ Gal(F/Q). Let E be the subfield of F fixed by
the complex conjugation. By the Tchebotarev density theorem, there are infinitely many
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primes v whose density is 1/2 and such that Pj modulo v is irreducible over the residue
field (hence Pj is irreducible over Ev) considering the conjugacy class of the above complex
conjugation in Gal(F/E). So we get the following.
5.4. Proposition. For prime numbers l such that some v as above is over l, Conjecture
(0.1) is true if each eigenvalue of the Frobenius action on the intersections of the primitive
part with Im ρ and with Im γ has multiplicity 1 as an eigenvalue of the Frobenius action
on the primitive cohomology Hj(Y (i+1),Ql)
prim for j ≥ 2 and i ≥ 0.
5.5. Remark. If Conjecture (0.1) holds for a general hyperplane section of the generic
fiber, then it is enough to consider the intersection with Im ρ by Theorem (0.3). For a
general l, Conjecture (0.1) in the case of (5.4) can be reduced to the conjecture D (or B).
Thus we can avoid the positivity in this simple case. However, it is not easy to avoid it
even in the case where the multiplicity 1 holds for each irreducible component of Y (i+1).
Indeed, the ambiguity of the pairing on the motiveMj in (5.2) is given by an automorphism
h ∈ Q[g] (= Q[T ]/(Pj(T ))) where E = Q. If there is a morphism of Mj to a direct sum of
simple motives which are isomorphic to Mj and indexed by r, and if the morphism to the
r-th factor is given by a correspondence Γr, then the pull-back of the pairing corresponds
to the sum of hr := Γ
′
r◦Γr ∈ Q[g] up to a sign, and the problem is closely related to the
standard conjecture of Hodge index type.
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